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R e a l = c l o s u g e s _ o f _ a l g e b r a i c ^ v a r i e t i e s ^ 
Talk at the Quadratic Forms Conference at K i n g s t o n August 1976. 
I n t h i s t a l k I want to d i s c u s s an a p p l i c a t i o n of the 
t h e o r y d i s p l a y e d i n my K i n g s t o n l e c t u r e s "Symmetric b i l i n e a r 
forms over a l g e b r a i c v a r i e t i e s " , c i t e d here by [*], t o the 
G a l o i s theory of schemes. I s h a l l use the terminology developed 
i n the l e c t u r e s throughout. 
Let us f i r s t review the b a s i c n o t i o n s and theorems of 
G a l o i s theory over schemes. The theorems and t h e i r p r o o f s can 
be found i n [SGA] i n a s l i g h t l y d i f f e r e n t language. We work 
w i t h connected schemes which are, say, quasicompact and sepa-
r a t e d . Ve do not impose n o e t h e r i a n c o n d i t i o n s . A f i n i t e c o v e r i n g 
of such a scheme X i s a f i n i t e e t a l e morphism f :Y -* X w i t h Y 
again a connected scheme. ( I s h o r t l y say " c o v e r i n g " i n s t e a d of 
"connected covering".) This means the f o l l o w i n g , f i s a f f i n e , 
i . e . Y c o i n c i d e s up t o c a n o n i c a l isomorphism w i t h the spectrum 
Spec Sf ( c f . [EGA I I , § 1]) of the quasicoherent & x - a l g e b r a 
M := f*&y. Moreover SJ i s a l o c a l l y f r e e -module, i . e . a 

*) 
"vector bundle", end .for every p o i n t J x € X the f i b r e 
9J(x) = S^ /m^ . i s a separable a l g e b r a over the f i e l d &y/^^ 
and Sl(X) c o n t a i n s no idempotents except 0 and 1. The rank 
of the v e c t o r bundle S' w i l l be c a l l e d the degree l*Y:Xj of 
the f i n i t e c o vering* 
Any p r o j e c t i v e system {Y^ -* X, f ^ \ of f i n i t e coverings 
has a p r o j e c t i v e l i m i t Y -» X i n the category of schemes over X, 
c f * [EGA I V 1 § 8 ] . Indeed, we have an i n d u c t i v e system 
i s i ^ , ^ a J j 1 of quasicoherent -algebras SJ^ such that Y^ = 
= Spec (Si ) and X r t f 0ISI 0 -> ST corresponds w i t h f 0:Y -» Y 0 0 Ve cx CXp p a dr a o 
take f o r Y j u s t the spectrum of the quasicoherent S-^  - algebra 
™ := Iim^ SJ . —-> a a 
A l l X a R are a u t o m a t i c a l l y i n f e c t i v e . Thus we can t h i n k of the 
?! as subsheaves of Sf and of W as the union of the V „ a a 
P r o j e c t i v e l i m i t s of f i n i t e coverings w i l l be c a l l e d 
coverings of X. The f o l l o w i n g f a c t about coverings i s very 
u s e f u l . 
Lemma 1. Assume Y -» X and Z X are coverings of X and a:Y -» Z 
i s a morphism between these c o v e r i n g s , i . e . a morphism of 
schemes such t h a t the diagram 
I t s u f f i c e s t o know t h i s f o r the c l o s e d p o i n t s . 
Y —2—> z 
A / 
X 
commutes. Then a: Y Z i s again a c o v e r i n g . 
Ve c a l l a scheme X' simply connected i f X F i s connected 
and does not admit any coverings except isomorphisms. A u n i -
v e r s a l c o v e r i n g of X i s a c o v e r i n g X -» X w i t h X simply con-
nected. I t can be shown t h a t a u n i v e r s a l c o v e r i n g X X always 
e x i s t s . 
Any two u n i v e r s a l coverings of X are isomorphic. 
This f o l l o w s by'use of the preceding Lemma 1 
immediately from the f o l l o w i n g theorem, which moreover j u s t i -
f i e s the n o t i o n " u n i v e r s a l c o v e r i n g " . 
Theorem 1 M Let cp:Y -> X be a c o v e r i n g and a :X ' -» X be a morphism 
w i t h X 1 simply connected. Then there e x i s t s at l e a s t one mor-
phism p:X f -> Y such t h a t coop = a . I f n i s a f i n i t e c o v e r i n g 
then p r e c i s e l y [Y:X] such morphisms p e x i s t . 
Ve now choose a f i x e d u n i v e r s a l c o v e r i n g TT:X -» X and 
denote by G the group Aut(XjX) of a l l automorphisms of X over X . 
For every c o v e r i n g co:Y X the set Mor^-(X9Y) of morphisms 
«*%/ 
from X to Y over X i s not empty according to the preceding 
theorem. Since any two u n i v e r s a l coverings of X are i s o -
morphic, we o b t a i n e a s i l y the f o l l o w i n g statement. 
C o r o l l a r y . For any c o v e r i n g Y of X the group G operates 
t r a n s i t i v e l y on the set Mor x(X,Y) of a l l morphisms from 
X to Y over X . 
I f these morphisms are f i n i t e coverings then they a l l 
must have the same degree which we denote by [X:Y]. Otherwise 
we put [X:Y] = «>. 
-v 
The s e t s Mor x(X,Y) are i n a n a t u r a l way p r o f i n i t e spaces, 
i . e . p r o j e c t i v e l i m i t s of d i s c r e t e t o p o l o g i c a l spaces w i t h only 
f i n i t e l y many elements. Indeed, i f Y .-¾ X i s the p r o j e c t i v e 
l i m i t of f i n i t e coverings Y^ -> X , then Mor x(X,Y) can be regarded 
as the p r o j e c t i v e l i m i t of the f i n i t e s e ts Mor^(X,Y^). I n par-
t i c u l a r (Y & X ) the group G i s a p r o f i n i t e group i n a n a t u r a l 
way. We c a l l t h i s p r o f i n i t e group the absolute G a l o i s group of X. 
G operated c o n t i n u o u s l y on a l l the spaces Kor-^(X 1Y). Thus 
f o r every commutative t r i a n g l e 
w i t h en a c o v e r i n g the subgroup H := Aut(X|Y) of G i s c l c s e c i n G. 
Theorem 2» I n t h i s way we o b t a i n a one-to-one correspondence 
between the isomorphism c l a s s e s of commutative t r i a n g l e s as 
above and the c l o s e d sobgroups of G. This y i e l d s a one-to-one 
correspondence between the isomorphism c l a s s e s of coverings 
of X and the conjugacy c l a s s e s of c l o s e d subgroups of G. 
The main p o i n t of our theory of r e a l c l o s u r e s i s t h a t 
under m i l d r e s t r i c t i o n s on X every s i g n a t u r e n of X y i e l d s an 
element of order 2 of the G a l o i s group G u n i q u e l y determined 
b£ a up. to. con tjugacy. R e c a l l from [*] that the s i g n a t u r e s of X 
are by d e f i n i t i o n the r i n g homomorphisms from the Witt r i n g 
W(X) to. 25, and t h a t i n the case t h a t X i s the spectrum Spec(I t) 
of a f i e l d F these s i g n a t u r e s correspond i n a unique way w i t h 
the o r d e r i n g s of F [*, I I § 7 ] . 
We c o n s i d e r p a i r s (X,a) c o n s i s t i n g of a scheme X and a 
s i g n a t u r e a Qf X. A morphism f : ( X f , a f ) -» (X,rO between p a i r s 
i s a morphism f :Xf -VX of schemes such t h a t the t r i a n g l e 
commutes. N o t i c e t h a t , i f X and X t are s p e c t r a of f i e l d s F 
and F 1 , t h i s means, tha t the corresponding homomorphism from 
F to F 1 i s compatible i n the usual sense w i t h the o r d e r i n g s 
corresponding t o a and a*. 
W(X) -> W ( X f ) 
Given a morphism f : X f -> X of schemes and s i g n a t u r e s 
a ' on X t and a on X we say t h a t a* "extends" a w i t h r e s p e c t 
to f , or t h a t a i s the " r e s t r i c t i o n 1 1 of r f w i t h respect to f , 
i f f i s a morphism from the p a i r ( X 1 1 C T 1 ) t o ( X , c r ) . 
Assume now t h a t X i s connected* 
D e f i n i t i o n 1» A c o v e r i n g of the p a i r ( X , r r ) i s a morphism 
C O:(Y , T) ( X , a ) such that the morphism of schemes m:Y -» X i s a 
co v e r i n g i n the sense explained above. A p a i r ( S , p ) i s c a l l e d 
r e a l c l o s e d i f S i s connected and every c o v e r i n g of ( S , p ) i s 
an isomorphism. A r e a l c l o s u r e of ( X , a ) i s a c o v e r i n g 
co:(S ,p) -> ( X , a ) w i t h ( S , p ) r e a l c l o s e d . 
By use of Theorem 2 and Zorn fS lemma we see e a s i l y t h a t 
r e a l c l o s u r e s e x i s t f o r every p a i r (X,c?) with X connected. 
Let now ( X , a ) be a p a i r w i t h X connected and d i v i s o r i a l 
( o f . [ * , I I I § 1 ] , e.g. X q u a s i p r o j e c t i v e ) . Then the f o l l o w i n g 
two theorems h o l d t r u e : 
Theorem 5» I f a:(S , p ) -> (X,cO i s a morphism w i t h (S , p ) r e a l 
c l o s e d and S d i v i s o r i a l and C P : ( Y , T ) -» ( X , r r ) i s a coverin g t h e r e 
e x i s t s at l e a s t one morphism ft from ( S , p ) to ( Y 1 T ) w i t h coo R = a. 
I n p a r t i c u l a r , i f a and ro both are r e a l c l o s u r e s of (X,a) 
then according to Lemma 1 the morphism 8 must be an isomorphism. 
(Notice that coverings of d i v i s o r i a l schemes are again d i v i -
s o r i a l . ) Thus (X,a) has up to isomorphism o n l y cne r e a l 
c l o s u r e . 
Theorem 4 ("Fundamental theorem of a l g e b r a " ) . 
Let ro:(S,o) -* (X 1 ^r) be a r e a l c l o s u r e of (X 1 r r ) . Then fX:S] * 2. 
I f t here e x i s t s a prime number p which i s a u n i t i n S(X) J 
then [X:SJ = 2. I f 2 i s a u n i t i n S(X) then moreover X i s i s o -
morphic over S to S f V - y I ] , i . e . t o the spectrum of the ~ 
p 
algebra ^ & x i w i t h i " = -1. 
Here i s an example w i t h X = S : Let X be the spectrum of 
the r i n g 2Z. Then V(X) = Z 1 c f . [MH1 p. 9 0 ] . Thus X has a unique 
s i g n a t u r e a. On the other hand X i s simply connected according 
to Minkowski's theorem that every number f i e l d except has a 
d i s c r i m i n a n t d i f f e r e n t from £ 1. Thus (X 1 a) i s r e a l c l o s e d 
and X = X . 
Theorems J and 4 have been proved i n [ K 1 I ] f o r X a f f i n e . 
A proof f o r X d i v i s o r i a l can be performed on p r e c i s e l y the 
same l i n e s u s i n g chapter I I I of [*]. I I n [K] r e a l c l o s u r e s of 
commutative r i n g s w i t h i n v o l u t i o n are s t u d i e d . The r e a l c l o s u r e s 
d e f i n e d above are th e r e c a l l e d " s t r i c t r e a l closures".} Ve s h a l l 
reproduce below the proof of Theorem 3 s i n c e t h i s proof has i n -
t e r e s t i n g r e p e r c u s s i o n s to the theory of Witt r i n g s of d i v i -
s o r i a l schemes. 
* ) 
e.g. X admits a morphism to the spectrum of a f i e l d . 
Assume now t h a t there e x i s t s a prime number p which i s 
a u n i t i n S ( X ) . According to Theorems 3 and 4 we have a map $ 
from the set S i g n X of s i g n a t u r e s on X to the set of conjugacy 
c l a s s e s of elements of order 2 i n G by a t t a c h i n g w i t h a 
s i g n a t u r e a of X the congugacy c l a s s fa] of an element a of G 
of order 2 such t h a t the subgroup H,a.i of G determines a r e a l 
c l o s u r e of G i n the sense of Theorem 2. The f o l l o w i n g d i r e c t i o n 
f o r i n v e s t i g a t i o n s about r e a l c l o s u r e s seems to be reasonable. 
Given a scheme X as above of some f i x e d type t r y t o o b t a i n 
enough i n f o r m a t i o n about the coverings of X and t h e i r s i g n a t u r e s 
to decide the f o l l o w i n g two questions: 
Question 1. I s § i n f e c t i v e ? 
Question 2. I s $ s u r j e c t i v e ? 
I t has been shown i n fK, I I § 7 and § 10] that both ques-
t i o n s have an a f f i r m a t i v e answer i f X i s the spectrum Spec A of 
a connected s e m i l o c a l r i n g A. I t f u r t h e r has been shown i n [K, 
I I § 11 ] t h a t Question 1 has an a f f i r m a t i v e answer i f X i s an 
a f f i n e smooth connected curve over the f i e l d R of r e a l numbers. 
Here the computation of the Witt r i n g s of smooth r e a l curves, 
reproduced i n [*, Chap. V § 4 ] , gives the necessary i n f o r m a t i o n . 
This computation has been g e n e r a l i z e d i n fK^, I I § 10] to smooth 
curves over r e a l c l o s e d f i e l d s . (The g e n e r a l i z a t i o n seems to be 
non t r i v i a l . ) The arguments i n fK, I I § 11] then y i e l d an a f f i r m 
t i v e answer to Question 1 f o r connected smooth curves over a r b i -
t r a r y f i e l d s . One of my students works on s i n g u l a r curves, and 
v e r y l i k e l y Question 1 has ah a f f i r m a t i v e answer als o f o r 
these curves. 
I n a l l the cases d e s c r i b e d above i t turned out to be 
t r u e f o r a r e a l c l o s u r e (S,p) of ( X,a) t h a t o i s the o n l y 
s i g n a t u r e of S, which i m p l i e s the a f f i r m a t i v e answer to Ques-
t i o n 1. I f 2 i s a u n i t i n G ( X ) - a u t o m a t i c a l l y t r u e i n the 
curve case - then moreover V(S) = 2Z, and thus the s i g n a t u r e 
a:V ( X ) -* TL can be i d e n t i f i e d w i t h the n a t u r a l map from V ( X ) 
to V(S). 
To prove Theorem 3 we need a supplement to the theory 
of V i t t r i n g s developed i n [*]. Let CD:X -* X be a f i n i t e e t a l e 
morphism w i t h X an a r b i t r a r y scheme, and l e t (E,B) be a 
(symmetric) b i l i n e a r bundle over Y. The d i r e c t image cn*(^y) i 
a f i n i t e e t a l e & x - a l g e b r a ?T and co*(E) i s a l o c a l l y f r e e 
Si-module of f i n i t e type. Since Sf i s a l o c a l l y f r e e G^-module 
of f i n i t e type, t h i s i m p l i e s t h a t cp^E i s a l o c a l l y f r e e G^-
module of f i n i t e type, i . e . a v e c t o r bundle over X . Let 
Tr^: 81 -* G^ denote the r e g u l a r t r a c e a s s o c i a t e d w i t h cp ([SGA, 
exposfe I , § 4] or [EGA, IV § 18.2], which i s a l i n e a r form on 
the v e c t o r bundle SI over X . The b i l i n e a r form 
B:E X y E -» G y 
y i e l d s an S l - b i l i n e a r form 
B:co*E X x cp*E -> 9f 
as f o l l o w s : I f Z i s an open subset of X then en* (E) = E (*•>"" Z) 
and ?T(Z) = S ( * T 1 Z ) . Put 
B z = B ; E(CtT 1Z) x E(co"*1Z) -> 6(cT 1'Z). 
CD"" Z 
We now i n t r o d u c e the symmetric <& x-bilinear form 
to* (B) := Tr^oB : co*E x x cp*E © x, 
and we c a l l the b i l i n e a r bundle (co*(E), cp*(B)) over X the 
d i r e c t image cp*(E,B) of the b i l i n e a r bundle (E 1B) under co. 
I f B i s non degenerate then co* (B) i s again non degenerate. 
This f o l l o w s e a s i l y from the f a c t t h a t the symmetric & x - b i l i n e a r 
form 
B:?J x x V. &x, 
d e f i n e d by 
p(u,v) = Tr c o(uv) 
f o r s e c t i o n s u and v of 9! over some open set Z, i s non degen-
erate s i n c e SI i s f i n i t e e t a l e [ l o c . c i t . l . Thus we o b t a i n a 
map 
COfciBil(Y) -> B i l ( X ) 
from the set B i l ( I ) of isomorphism c l a s s e s of b i l i n e a r spaces 
over Y t o B i l ( X ) . T his map COfc c l e a r l y i s compatible w i t h o r t h o -
gonal sums and thus induces an a d d i t i v e map 
cofc :K B i l ( Y ) -* K B i l ( X ) . 
{We use f o r t h i s map and s i m i l a r ones again the n o t a t i o n co*.! 
Assume now E i s a b i l i n e a r space over Y and V i s a subbundle 
of E. Then cr^V i s a subbundle of COfcE. Indeed, CO*E/CD*V i s 
c a n o n i c a l l y isomorphic t o co*(E/V) s i n c e rp i s an a f f i n e 
morphism. I t i s e a s i l y checked t h a t 
(cp*V)^ = COfc ( V X ) . 
I n p a r t i c u l a r i f V i s a l a g r a n g i a n of E, i . e . V 1 » V , then 
WfcV i s a l a g r a n g i a n of cp*E. From t h i s o b s e r v a t i o n we l e a r n 
t h a t the map co* from K B i l ( Y ) to K B i l ( X ) induces a d d i t i v e 
maps cp*:L(Y) -•'L ( X ) and cp*:W(Y) -» W ( X ) 1 which we c a l l the 
t r a n s f e r maps corresponding t o co 
We s h a l l make use of the t r a n s f e r map W*:W(Y) -• W ( X ) . 
This map sends the Witt c l a s s |e} of a space E over Y to the 
Witt c l a s s ICOfcE}. We a l s o have, as always, the r i n g homomorphism 
C D * : W ( X) •* W(Y) which makes W(Y) an al g e b r a over W ( X ) . The map 
COfciW(Y) -+ W (X) i s now l i n e a r w i t h respect t o W(X) by the 
f o l l o w i n g lemma. 
Lemma 2. I f E i s a b i l i n e a r bundle over X and F a b i l i n e a r 
bundle over Y then there e x i s t s a n a t u r a l isomorphism from 
the b i l i n e a r bundle cpfc(cD*(E) <*> F) onto the b i l i n e a r bundle 
E & CDfcF. 
Proof. Let Z be an a f f i n e open subset of X . Then cT^Z i s an 
a f f i n e open subset of Y, and 
SI(Z) = s ( c o~ 1Z). 
We have 
m*(«p*(E) * F ) ( Z ) = rn*(E)(c?" 1Z) ^ ^ ( f T 1 Z) 
= (E(Z) ^ e ( z ) S l ( Z ) ) S w ^ F ( O T 1 Z ) . SJ(Z)" 
On the other hand 
(E ® co*F)(Z) = E(Z) ^ ( z ) F ( r n " 1 Z ) . 
Now i t i s e a s i l y checked t h a t the n a t u r a l isomorphism from 
the f i r s t $('Z)-module onto the second one i s i s o m e t r i c w i t h 
r e s p e c t t o the " b i l i n e a r forms given on "both modules. 
The f o l l o w i n g base change lemma i s a l s o e a s i l y v e r f i e d . 
lemma ?. Consider a c a r t e s i a n square 
Y 4r a ' 
CO 
X 1 
of schemes w i t h cp f i n i t e e t a l e , hence a l s o co1 f i n i t e e t a l e . 
Then f o r E a b i l i n e a r bundle over Y there e x i s t s a n a t u r a l 
isomorphism 
<Djaf*E — > a*cofcE. 
Assume now t h a t co:Y 4 X i s a f i n i t e e t a l e morphism and 
that X i s d i v i s o r i a l . 
Lemma 4<> Let a be a sig n a t u r e on X and assume th a t there e x i s 
an element z of W(Y) w i t h cr(co*z) f 0. Then there e x i s t s a s i g 
nature T on Y which extends a. 
Proof , Let P denote the k e r n e l of the homomorphism a:W(X) -» 2£. 
According to [*, C h a p . I l l ] P i s a minimal prime i d e a l of W(X). 
For every w i n V(X) w i t h m* (w) = 0 we have 
Wcp* (z) = rofc (cp* (w) *z) = C 
a c c o r d i n g t o Lemma 2, Ap p l y i n g rr we l e a r n t h at cr(w) = 0. Thus 
P co n t a i n s the k e r n e l of the r i n g homomorphism ro :W(X) -» W(Y). 
By general commutative a l g e b r a t h i s i m p l i e s t h a t there e x i s t s 
a minimal prime i d e a l Q of W(Y) l y i n g over P w i t h respect t o ro* 
We have an i n j e c t i o n 
TL = W(X)/P -> W(Y)/Q. 
Thus by the prime i d e a l t h e o r y i n [*, Chap. I l l ] there e x i s t s 
a unique s i g n a t u r e T of Y w i t h k e r n e l Q. I t i s immediately v e r i 
f i e d t h a t T extends a w i t h respect to ro. 
Let a be a f i x e d s i g n a t u r e on X and l e t Sign(co,cx) denote 
the set of a l l s i g n a t u r e s of Y which extend rr w i t h r e s p e c t to co 
Our proof of Theorem w i l l drop out from a study of " t r a n s f e r 
formulas" f o r a. 
D e f i n i t i o n 2» A t r a n s f e r formula f o r rr and ro i s a map 
n:Sign(co,a) -> Z such t h a t n(-r) = 0 f o r f i n i t e l y many T i n 
Sign(co,cr) and 
aoqv(z) = T n ( T ) T ( z ) 
f o r a l l z i n W(Y) • Here the sum i s taken over a l l T i n 
Sign(ro,rr) w i t h the convention t h a t the sum i s zero of 
Sign(ro,cr) i s empty. 
Remark. We s h a l l see below t h a t a c t u a l l y Sign(m,(r) i s 
always a f i n i t e s e t . 
Lemma 5 . For g i v e n cp and er the r e e x i s t s at most one t r a n s f e r 
formula. 
Proof Assume n and n f are d i f f e r e n t t r a n s f e r formulas f o r 
cp and rr. We choose some T q i n Sign(CO 1 Cr) w i t h n ( r ) ^  n F ( T 0 ) . 
Let M denote the f i n i t e set c o n s i s t i n g of a l l T i n Sigpi(To 7CT) 
such t h a t n ( 0 t 0 or n*(r) f 0. Por every t i n K l e t P ( T ) 
denote the k e r n e l of T : W ( Y ) -* Z. Since a l l these P ( T ) are 
minimal prime i d e a l s of W ( Y ) [ l o c . c i t . ] the i n t e r s e c t i o n of 
a l l P ( T ) w i t h T i n M1 T ^ T 1 - i s not contained i n P ( T q ) . Thus 
we can f i n d some z i n W ( Y ) with' T (z) ^ O 1 but T ( Z ) = 0 f o r 
a l l other T i n M. Now e v a l u a t i n g a°cp*(z) u s i n g both t r a n s f e r 
formulas n and n 1 we a r r i v e at the c o n t r a d i c t i o n 
n ( T Q ) T 0 ( z ) = n F ( T 0 ) T 0 ( z ) . 
Theorem 5 i.(i) For give n cp and a there always e x i s t s a t r a n s f e r 
formula n. ( i i ) I n t h i s formula n(*r) > 0 f o r every T i n S(Cn 1Cr). 
In p a r t i c u l a r Sign ( C p 1Cf) i s f i n i t e , ( i i i ) I f a:(S,p) -¾ ( X 1 C r ) i s 
a morphism w i t h (S 1p) r e a l c l o s e d and S d i v i s o r i a l then f o r 
any T i n Sign ( C p 1 C ) the number n ( 0 i s the c a r d i n a l i t y of the 
set of a l l morphisms from ( S 1 p) to ( Y 1 T ) ever ( X 1 ^ ) . 
Remark. For every p a i r (X,cr) w i t h X d i v i s o r i a l there e x i s t s 
a morphism a as above. Indeed, by [*, Chap. V, § 1] we can f i n d 
such a morphism w i t h S the spectrum of a r e a l c l o s e d f i e l d . I f 
X i s connected then of course we can choose a as a r e a l c l o s u r e 
of (X 1 a ) . 
To prove Theorem 5 we consider the s i t u a t i o n described 
i n p a r t ( i i i ) of t h i s theorem. According to Lemma 3 we have a 
commutative diagram 
W(Y) 
CO* 
W(X) 
a t* -> W(Y x x S) 
CO * 
-> W(S) 
Thus f o r z i n W(Y) 
a°co*(z) = poa*oco*(z) »' porn*p a 1 * (z) • 
Now Y x x S i s the d i s j o i n t union of f i n i t e l y many connected 
schemes Z^,. ..,Z^. Let g^: Z i -> Y X x S denote the i n c l u s i o n 
morphism from Z i to Y x x S and l e t 
be the components of a 1 and ro1 corresponding to Z^ (1 < i < t ) 
The ^•.Z i -» S are f i n i t e c o v e r i n g s . We have 
pocn4oa'*(z) = F, p*ro. ° t%*(z) = 
i=1 1 
E p o o a - * ( z ) . 
i=1 1 1 
Let i be a f i x e d index i n [ l , t ] . I f [ Z i X B l > 1 then p can-
not extend t o Z^1 s i n c e ( S r p ) i s r e a l c l o s e d . Thus by Lemma 4 
the corresponding summand poco^oOLj* (z) i s zero. I f [ Z ^ : S l = 1 
then n., = (cr#)~ , as i s e a s i l y v e r i f i e d , and we o b t a i n 
9j^°a*(z) = P*(z) 
w i t h B^ := a^ocp^ . Now these p^ are p r e c i s e l y a l l morphisms 
from S t o Y over X. Thus 
aoco*(z) = £ p o p * ( z ) 
B 
w i t h p running through the f i n i t e l y many- morphisms from S to Y 
over X. For every such B the s i g n a t u r e p o p * of Y c l e a r l y ex-
tends a. Ve now d e f i n e f o r T i n Sign(Cp 1Cr) the n a t u r a l number 
n ( 0 as the number of a l l 8 w i t h p o p * = T. C l e a r l y n(*r) - 0 
except f o r f i n i t e l y many T 1 and as we have j u s t seen 
aocp*(z) = r. n ( T ) T ( z ) 
T\CT 
f o r every z i n W ( Y ) . Keeping Lemma 5 i n mind the a s s e r t i o n s 
( i ) and ( i i i ) of Theorem 5 are proved. 
Let now T q denote a f i x e d s i g n a t u r e i n Sign(Co 1Pf) and 
choose some morphism p Q : ( S 1 p ) -* ( Y 1 T Q ) w i t h (S,p) r e a l c l o s e d 
( c f . the remark above). A p p l y i n g a s s e r t i o n ( i i i ) of Theorem 5 
to the morphism a := ^ 0 P 0 w e s e e n ( T 0 ) > ®* ^ u s a l s o a s s e r t i o n 
( i i ) i s proved. 
We now deduce Theorem 3 from Theorem 5 . Let (X 1 r) be a 
p a i r w i t h X a connected d i v i s o r i a l scheme, end l e t a : ( S,p) ( X,a) 
be a morphism w i t h S d i v i s o r i a l and (S,o) r e a l c l o s e d . Let 
f u r t h e r C O:(Y , T ) -» ( X , a ) be a c o v e r i n g . We consider the set 
TO of isomorphism c l a s s e s of commutative diagrnris 
( Y , T ) 
Y 
( Z 1 K ) 
/ \ v 
(£,p; > (X,r) 
D : 
w i t h * and hence x a c o v e r i n g . I f D and 
( Y , T ) 
> ( X v r r ) 
are two such diagrams, then we say t h a t dominates D i f 
there e x i s t s a morphism \ : ( Z ^ y K ^ ) -* ( Z , K ) such t h a t X°X>| = X 
and Xoy^i = Since x^ a n epimorphism t h i s morphism X then 
i s u n i q u e l y determined by D and D^ . Moreover we have 
hence f o \ » ' . 
By t h i s r e l a t i o n "B^ dominates D" our set ^  becomes 
p a r t i a l l y ordered. I t i s e a s i l y seen that t h i s o r d e r i n g i t : 
i n d u c t i v e . Thus "by Zorn fs lemma the r e e x i s t s a maximal d i a -
gram 
D ,: 
(S,p) 
Suppose x i s not an isomorphism. Then we can f i n d a commutative 
t r i a n g l e 
w i t h X a f i n i t e c o v e r i n g of degree > 1. Let K 1 denote the 
si g n a t u r e Toy* on Z^. Then K^o X* = Toy* = K„ Thus we have a 
commutative t r i a n g l e 
a,T) 
(Z 1K) 
By Theorem 5 , a p p l i e d to the c o v e r i n g X x ( Z 1 1 K 1 ) -> ( Z 1 K ) and the 
morphism y:(S,p) •* ( Z 1 K ) 1 t h e r e e x i s t s a morphism 
Y 1 I ( S 1 P ) -4 ( Z 1 1 K 1 ) w i t h Xoy 1 = y. We now have the commutative 
diagram 
w i t h ^ := 4© X^  This diagram dominates D and i s not i s o -
morphic to D, in. c o n t r a d i c t i o n to the maximality of D. Thus 
X must be an isomorphism. With p := x ° Y have the commuta-
t i v e t r i a n g l e 
V 
( S , p ) - a > ( X ,a) 
as wanted. Theorem 3 i s proved. 
For another proof of Theorem 3 i n the s p e c i a l case that 
a l s o a i s a c o v e r i n g see the paper [D] of A.Dress. I n t h i s 
paper an axiomatic proof i n the frame work of "Green f u n c t o r s " 
i s g iven. 
The main t o o l i n our proof of Theorem 3 are the t r a n s f e r 
maps cn* f o r f i n i t e e t a l e morphisms cry I t would be d e s i r a b l e to 
have a good d e f i n i t i o n of the t r a n s f e r map f o r more general 
proper morphisms CD. Up to now no such d e f i n i t i o n e x i s t s . There 
seems t o be no hope f o r such a d e f i n i t i o n f o r the f u n c t o r V, 
but reasonable maps cp* might e x i s t f o r the f u n c t o r L. 
Theorem 5 i s v a l u a b l e beside i t s use t o prove Theorem 3* 
Let cp:Y 4 X be a f i n i t e e t a l e morphism, l e t a be a si g n a t u r e 
on X, and assume t h a t X i s d i v i s o r i a l . I n s e r t i n g z = 1 i n t o the 
t r a n s f e r formula we o b t a i n 
a ( c o * 0 ) ) * E n ( f ) . 
¢(¢^(1)) i s more c o n c r e t e l y the value of a on the b i l i n e a r 
space (M,p) w i t h B the b i l i n e a r form induced by T r ^ as de s c r i b e d 
above. By an a p p l i c a t i o n of the c o r o l l a r y i n !"*, Chap. V, § 1] 
i t i s e a s i l y v e r i f i e d t h a t 
a ( c p * 0 ) ) < [Y:X]. 
Thus a has at most [Y:X] extensions t o Y. 
I f we have enough i n f o r m a t i o n about the " m u l t i p l i c i t i e s " 
n( iO Theorem 5 y i e l d s a q u a n t i t a t i v e extension theory f o r s i g n a -
t u r e s w i t h r e s p e c t t o f i n i t e e t a l e morphisms. I t has been shown 
i n [ K , I I § 8] t h a t i f X i s the spectrum of a s e m i l o c a l r i n g then 
a l l m u l t i p l i c i t i e s n(*r) = 1. This i m p l i e s f o r a:(S,p) -» (X,rO a 
r e a l c l o s u r e t h a t S has no automorphisms over X except the i d e n -
t i t y - a w e l l known f a c t i n the f i e l d case - s i n c e p i s the o n l y 
s i g n a t u r e of S. 
I f X i s a curve over P then n(*r) may a t t a i n a r b i t r a r y l a r g e 
v a l u e s , c f . [K, I I § 11]. 
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